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Loal dissipation eets in two-dimensional quantum Josephson juntion arrays with
magneti eld
T. P. Polak
Max-Plank-Institut für Physik komplexer Systeme, Nöthnitzer Straÿe 38, 01187 Dresden, Germany
T. K. Kope¢
Institute for Low Temperatures and Struture Researh,
Polish Aademy of Sienes, POB 1410, 50-950 Wrolaw 2, Poland
We study the quantum phase transitions in two-dimensional arrays of Josephson-ouples juntions
with short range Josephson ouplings (given by the Josephson energy EJ) and the harging energy
EC . We map the problem onto the solvable quantum generalization of the spherial model that
improves over the mean-eld theory method. The arrays are plaed on the top of a two-dimensional
eletron gas separated by an insulator. We inlude eets of the loal dissipation in the presene of
an external magneti ux f = Φ/Φ0 in square lattie for several rational uxes f = 0,
1
2
, 1
3
, 1
4
and
1
6
. We also have examined the T = 0 superonduting-insulator phase boundary as funtion of a
dissipation α0 for two dierent geometry of the lattie: square and triangular. We have found ritial
value of the dissipation parameter independent on geometry of the lattie and presene magneti
eld.
PACS numbers: 74.50.+r, 67.40.Db, 73.23.Hk
I. INTRODUCTION
Over the past several years Josephson juntion arrays
(JJA) have gained inreased interest sine the display
quantum mehanis on marosopi sale. In the last
years, due to development of the miro-fabriation teh-
niques, it beame possible to fabriate Josephson jun-
tion arrays with tailor spei properties. In these sys-
tems the superondutor-insulator (SI) transition an be
driven by quantum utuations when the harging energy
EC beomes omparable to the Josephson oupling en-
ergy EJ .
1,2,3,4,5,6,7,8
It has been established that in arrays
whih are in the superonduting state, but with value
EC/EJ lose to ritial value, a magneti eld an be
used to drive array into the insulating state.
9
There are
experimental possibilities to fabriate dierent strutures
of the JJA like square
10,11,12
and triangular
12
networks
whih show that the ritial value EJ/EC an hange its
value depending on the geometry of the lattie. Zant et
al. showed experimentally that not only geometry an
inuene on value EC/EJ in JJA but also external mag-
neti eld an lead system to the phase transition.
12,13
In
a JJA an applied gate voltage relative to the ground plane
Vg introdues a harge frustration.
14
The ombination of
harge frustration and Coulomb interation results in the
appearane of various Mott insulating phases separated
by regions of phase oherent superonduting state.
It has been understood early that dissipation an
be apable of driving an SI transitions. Problem
how dissipation an be desribed on quantum me-
hanial level was rstly addressed by Caldeira and
Leggett.
15
In this formalism dissipation introdues damp-
ing of phase utuations that is inversely proportional
to the resistane of the environment. Quantum phase
model of JJA was formulated in terms of an eetive
ation.
16,17
Various theoretial methods have been ap-
plied in eets of Ohmi dissipation
18,19,20,21
suh as
oarse graining,
22,23
variational
18,23,24,25,26,27
and renor-
malization group approahes.
19,21,23,24
The dissipation
due to quasi-partile tunneling in JJA
28
was investigated
by means of the mean eld alulations,
24
variational
approahes
29
andMonte Carlo simulations.
30
Phase tran-
sitions of dissipative JJA's in magneti eld were ana-
lyzed by Kampf and Shön
31
and relied upon mean-eld
approximation mapped into tight-binding Shrödinger
equation for Bloh eletrons in magneti eld. It has
been shown that at a xed temperature we an observe
a phase transition if we vary the magneti eld. The
similar problem was solved by Kim and Choi
32
based on
eetive Hamiltonian obtained by the Feynman path in-
tegral formalism. Authors laim that espeially in low
temperatures variational method is not preise enough
to pereive suh a subtle transition.
Dissipation may arise from oupling with the substrate
by means of the loal damping model.
33
These studies in-
deed revealed the existene of a ritial value of the sheet
resistane whih seems to agree with experimental results
in JJA
34
and thin lms.
35
On the other hand some ex-
perimental studies disloses that the values of the ritial
resistane an show wide variations quite the ontrary to
the predited universal value lose to h/4e2.36 Further-
more, previous theoretial alulations relied upon varia-
tional and mean eld approximations, whih usually are
not expeted to be reliable at T = 0 and be apable to
handle spatial and quantum utuations eets properly,
espeially in two dimensions.
It has been shown
37
that there is a possibility of ex-
istene four phases in superonduting juntion arrays
with dissipation and the phase diagram depends on ratio
EJ/EC and dissipation parameter α0. One is insulating,
when both Cooper pairs and single eletrons are frozen
2(EJ/EC and α0 small), mixed, when superonduting
long-range oherene and single eletrons tunneling o-
exist (EJ/EC and α0 large), and for intermediate values
of the parameters we an obtain (EJ/EC small and α0
large) Cooper pairs remain frozen, but single eletrons
are free. In the opposite limit (EJ/EC large and α0
small) we have superonduting long-range phase order
and there is not any dynamis of the single eletrons.
Fat, that dissipation ould play important role in solid
state physis appeared reently from the high-TC point
of view. Relation obtained by Homes et all.
38
proves that
the harateristi timesale for dissipation ould not be
shorter than in the high-TC superondutors. Relaxation
time τdiss ∼ ~/kBTC (Plankian dissipation) is an essene
of the Home's law and there is evidene that, quantum-
ritial nature of the system ould be present even in the
normal state. It means that below this timesale we have
purely quantum mehanial behaviour and energy ould
not be turned out into heat. Condutivity in the normal
state is tied with the relaxation time relation σnormal ∼
τdiss and it indiates that σnormal should be as small as
it is allowed by Plank's onstant.
Realization of a quantum omputer ruially depends
on our ability to reate and hold oherent superposition
states, so deoherene presents the most fundamental
trammel. Espeially oupling between dierent devies
and environment ahieves to dissipation, and hene deo-
herene whih leads to exponential deay of superposition
states into inoherent mixtures.
39
Both in superondut-
ing qubits, based on superonduting interferene devies
and in single-pair tunneling devies the Josephson jun-
tion is a key element and it is the dissipation of the jun-
tion that sets the limit on deoherene time.
40
To purpose of this paper is to study loal dissipation
eets in JJA in an analytial way to rene the phase
diagram of the system for dierent geometry of the lat-
ties and in presene of the external magneti eld. We
onsider a network of the Josephson juntion arrays with
tunable dissipation whih is plaed on the top of a two-
dimensional eletron gas (2DEG) separated by an insu-
lator. We drop nonloal harging and dissipative terms.
The problem we would like to address is then: What is
the eet of the ompetition between magneti, geomet-
ri and quantum eets on the ground state ordering in
the two-dimensional Josephson arrays? To analyze 2D
JJA beyond mean eld approximation we employ the
path-integral formulation of quantum mehanis and a
quantum spherial model approah aurately tailored
for the JJA systems. This formalism allows then for ex-
pliit implementation of the loal dissipation eets and
magneti eld into ours onsiderations. Most theoretial
studies investigated the simple square lattie geometry of
JJA. Another strutures were analyzed by Monte Carlo
simulations and mean eld alulations in magneti eld
in the ontext of phase transitions
41
. On the other hand
Granato and Kosterlitz laim that transition in 2D array
with dierential geometry an be desribed by lassial
Ginzburg-Landau-Wilson eetive free energy with two
omplex eld.
42
We analyze the quantitative hanges in
the phase diagram due to two dierent geometrial JJA
strutures without external magneti eld. We onsider
inuene of the magneti eld on square lattie beause
many dierent properties of an array depend on ux pa-
rameter f = p/q.12,43
The paper is organized as follows. In the next se-
tion we introdue the model. In Se. II we formulate
the problem in terms of the eetive ation of quantum
spherial model. The various zero temperature phase di-
agrams are then studied in Se III. Finally, in Se IV we
summarize.
II. MODEL
We onsider a two-dimensional Josephson juntion ar-
ray with lattie sites i, haraterized by superonduting
phase φi in dissipative environment. Possible experimen-
tal realization of the 2D JJA is shown on the Fig.1. The
array an be formed by thin square superonduting is-
lands of size L. The separation d between islands must
be small enough to allow for the Josephson interations.
The variable dissipation is introdued by oupling with
two-dimensional eletron gas (Ohmi bath) whih is lo-
alized within distane s. The orresponding Eulidean
ation in the Matsubara imaginary time τ formulation
(0 ≤ τ ≤ 1/kBT ≡ β), with T being temperature and kB
the Boltzmann onstant (~ = 1)
S = SC + SJ + SD, (1)
where
SC = 1
16EC
∑
i
∫ β
0
dτ
(
dφi
dτ
)2
,
SJ =
∑
〈i,j〉
∫ β
0
dτJij {1− cos [φi (τ)− φj (τ)]} ,
SD = 1
2
∑
i
∫ β
0
dτdτ ′α (τ − τ ′) [φi (τ)− φi (τ ′)]2 .(2)
The rst part of the ation Eq. (2) denes the eletro-
stati energy, where self harging energy parameter is
EC =
e2
2C0
. (3)
The seond term is the Josephson energy EJ (Jij ≡ EJ
for |i− j| = |d| and zero otherwise). Third part of the
ation SD desribes the loal dissipation where α (τ − τ ′)
is dissipative kernel. For a loal dissipation eets Fourier
transform (with respet to imaginary times) of the kernel
Eq. (2) is
17,28
α (ωn) =
α0
pi
|ωn| , (4)
3Figure 1: Shemati view of the 2D JJA in dissipative envi-
ronment.
where dimensionless parameter:
α0 =
RQ
R0
, RQ =
1
4e2
. (5)
desribes strength of the Ohmi dissipation. Here the
R0 is the shunt to the ground and is interpreted as the
shunt resistane present in many experiments. As we an
see the dissipation part of the ation Eq. (2) breaks the
2pi-periodiity in the phase variables sine it allows for
ontinuous harge utuations. In proximity-oupled ar-
rays, dissipation an orrelate the phase of a single island
in dierent time.
A. Eet of the applied magneti eld
The perpendiular magneti eld B given by vetor
potentialA enters ation Eq. (2) through a Peierls fator
aording to
Jij → Jij exp
(
2pii
Φ0
∫
rj
ri
A · dl
)
, (6)
where Φ0 = 2pic/e is a quantum of magneti ux piering
a 2D lattie plaquette and integral runs between enter of
grains ri and rj . Thus, the phase shift on eah juntion
is determined by the vetor potential A and in typial
experimental situation it an be entirely asribed to the
external eld B. The presene of B indues vorties in
the system desribed by the ux parameter f(≡ Φ/Φ0 =
Ba2/Φ0 where a is area of an elementary plaquette). Our
speial interest are the values of the magneti eld when
ux parameter f = p/q represents rational values.
B. Method
To study the JJA model we an use a desription in
terms of an eetive Ginzburg-Landau funtional derived
from the mirosopi model Eq. (2). Several studies of
JJA have followed this way, also known as oarse grained
approah rst developed by Doniah.
4
Most of existing
analytial works on quantum JJA have employed dif-
ferent kinds of mean-eld-like approximations whih are
not reliable for treatment spatial and temporal quantum
phase utuations whih quantum spherial approah
aptures. Formulation of the problem in terms of the
spherial model
45,46
whih was initiated by Kope¢ and
José
49
leads us to introdue the auxiliary omplex eld
ψi whose expetation value is proportional to the Si (φ)
vetor dened by
Si (φ) = [S
x
i (φ) , S
y
i (φ)] ≡ [cos (φi) , sin (φi)] . (7)
Natural onsequene denition Si (φ) is the following
rigid onstraint
|Si (φ)|2 = [Sxi (φ)]2+[Syi (φ)]2 = cos2 (φi)+sin2 (φi) ≡ 1.
(8)
The relation in Eq. (8) implies that a weaker ondition
also applies, namely:
∑
i
|Si (φ)|2 = N. (9)
Using the Fadeev-Popov method with the Dira δ fun-
tional we obtain:
Z =
∫ [∏
i
DψiDψ∗j
]
δ
(∑
i
|ψ (τ)|2 −N
)
e−SJ[ψ]
×
∫
[Dφi] e−SC+D[φ]
∏
i
δ [ℜψi (τ)− Sxi (φ (τ))]
×δ [ℑψi (τ)− Syi (φ (τ))] . (10)
It is onvenient to employ the funtional Fourier rep-
resentation of the δ funtional to enfore the spherial
onstraint Eq. (9):
δ [x (τ)] =
∫ +i∞
−i∞
[Dλ
2pii
]
exp
[∫ β
0
dτλ (τ) x (τ)
]
, (11)
whih introdues the Lagrange multiplier λ (τ) thus
adding an quadrati term (in ψ eld) to the ation Eq.
(2). To evaluation of the eetive ation in terms of the
ψ to seond order in ψi (τ) gives the partition funtion
of the quantum spherial model
ZQSM =
∫ [∏
i
DψiDψ∗j
]
×δ
(∑
i
|ψ (τ)|2 −N
)
e−SQSA[ψ] (12)
4where the ation of the eetive nonlinear σ model reads:
SQSA[ψ, λ] =
∑
〈i,j〉
∫ β
0
dτdτ ′ {[Jij (τ) δ (τ − τ ′)
+ W−1ij (τ, τ ′)− λ (τ) δijδ (τ − τ ′)
]
ψiψ
∗
j
+ Nλ (τ) δ (τ − τ ′)} . (13)
Furthermore
Wij (τ, τ ′) = δijZ0
∫ [∏
i
Dφi
]
ei[φi(τ)−φj(τ
′)]e−SC+D[φ]
≡ W (τ, τ ′) δij , (14)
is the phase-phase orrelation funtion with statistial
sum
Z0 =
∫ [∏
i
Dφi
]
e−SC+D[φ], (15)
where ation SC+D [φ] is just a sum eletrostati and dis-
sipative term in Eq. (2). After introduing the Fourier
transform of the eld
φi (τ) =
1
Nβ
∑
k
+∞∑
n=−∞
φk,n exp [− (iωnτ − kri)] (16)
with ωn = 2pin/β, (n = 0,±1,±2, ...) being the Bose
Matsubara frequenies, we an write expression Eq. (14)
in form
W (τ, τ ′) = 1Z0
∫ [∏
k
Dφk,nφ∗k,n
]
exp
{
− 1
4Nβ
+∞∑
n=−∞
[
1
4EC
ω2n +
α0
pi
|ωn|
]
φk,nφ
∗
k,n+
+
1
βN
+∞∑
n=−∞
[
φk,n
(
eiωnτ − e−iωnτ ′
)
+ φ∗k,n
(
e−iωnτ − e−iωnτ ′
)]}
. (17)
Using Hubbard-Stratonovih transformation the phase-
phase orrelation funtion reads:
W (τ, τ ′) = exp

− 1β
∑
n6=0
1− cos [ωn (τ − τ ′)]
1
8EC
ω2n +
α0
2pi |ωn|

 . (18)
The low temperature properties of the expression
W−1 (ωn) lead to ritial value α0 = 2 [see Appendix
A℄. Finally, for small frequenies and α0 ≤ 2 inverse of
the orrelation funtion Eq. (18) beomes:
W−1 (ωn) = 1
8EC
ω2n +
α0
2pi
|ωn| (19)
for ωn 6= 0 and W−1 (ωn) = 0 otherwise. In the thermo-
dynami limit (N → ∞) the steepest desent methods
beomes exat; the ondition that the integrand in Eq.
(12) has a saddle point λ (τ) = λ0, leads to an impliit
equation for λ0:
1 =
1
βN
∑
k
∑
n6=0
G (k, ωn) , (20)
where
G−1 (k, ωn) = λ0 − Jk + 1
8EC
ω2n +
α0
2pi
|ωn| (21)
with Jk as Fourier transform of the Josephson ouplings
Jij .
III. PHASE DIAGRAMS
A Fourier transform of Eq. (13) in momentum and
frequeny spae enables one to write the spherial on-
straint Eq. (20) expliitly as
1 =
1
β
∫ +∞
−∞
dξ
∑
n6=0
ρ (ξ)
λ− ξEJ + 18EC ω2n +
α0
2pi |ωn|
. (22)
As is usual in a spherial model, the ritial behavior and
the phase transitions boundary ruially depends on the
spetrum given by density of states ρ (ξ) and is deter-
mined by the denominator of the summand in the spher-
ial onstraint Eq. (22). To proeed, it is desirable to
introdue density of states for two dimensional lattie in
form
ρ (ξ) =
1
N
∑
k
δ
(
ξ − Jk
EJ
)
. (23)
where Jk is energy dispersion. Problem of omputing
density of states ρp/q (ξ) for two-dimensional square lat-
tie with uniform magneti ux per unit plaquette re-
dues to the solution of Harper's equation
50
, e.g. rel-
evant for tight-binding eletrons on 2D lattie
51
. An-
alytial results for density of states for square lattie
were presented reently
9
, and based on analytially solv-
ing Harper's equation and reeiving dispersion relation
5J
k,p/q. Inuene of the loal dissipation eets will be
onsidered on triangular lattie without magneti eld.
In that ase we an use denition Eq. (23) but the de-
pendene on the wave vetor is dierent and ould be
desribed by expression
J△
k
= EJ
[
cos (kx) + 2 cos
(
1
2
kx
)
cos
(√
3
2
ky
)]
. (24)
Closed formulas for the density of states are plaed in
Appendix B. The systems displays a ritial point at λ0 =
G−1 (k = 0, ωn = 0) ≡ max [J (k = 0)]. This xes the
saddle point value of the Lagrange multiplier, λ stiks to
that value at ritiality (λ = λ0) and stays onstant in the
whole low temperature phase. By substituting the value
of λ0 to Eq. (22) and after performing the summation
over Matsubara frequenies, in T → 0 limit we obtain
the following result:
1 =
1
pi
∫ +∞
−∞
dξ
ρ (ξ)√(
α0
2pi
)2 − J0−ξEJ2EC
× ln

 α02pi +
√(
α0
2pi
)2 − J0−ξEJ2EC
α0
2pi −
√(
α0
2pi
)2 − J0−ξEJ2EC

 . (25)
It is easy to see that by speifying density of states ρ (ξ)
Eq. (23) with the Coulomb energy EC Eq. (3) for given
superonduting network without and in presene of the
external magneti eld, we are able to study the zero tem-
perature JJA phase diagram. The solutions and bound-
ary ases above equation we will examine in the next
subsetions.
A. Small α0 limit
In the limit α0 → 0 expression (25) redues to zero-
temperature ritial line in absene dissipation eets:
1 =
∫ +∞
−∞
dξρ (ξ)
√
2EC
J0 − ξEJ , (26)
whih is aording with previous alulations
7
. When α0
is nonzero, but still small, the situation hanges due to
a dissipation is a fator whih produes additional quan-
tum utuations. In onsequene for small α0 the ritial
value EJ/EC dereases as:
EJ/EC = A
2
0 −
(
2
pi2
A1
A0
)2
α2 +
2
A0
(
2
pi2
A1
A0
)3
α3 +
− 5
A20
(
2
pi2
A1
A0
)4
α4 +O (α5) , (27)
where orresponding oeients reads:
A0 =
√
2
∫ +∞
−∞
dξ
ρ (ξ)√
J0/EJ − ξ
, (28)
Figure 2: a) Zero temperature phase diagram for the total
harging energy EJ/EC vs parameter of dissipation α0 for
square lattie. Insulating state is below the urve. From
the top we have p/q = 1
6
, 1
4
, 1
3
, 1
2
and 0 b) Nonmonotoni-
al dependene the ritial value of the inverse Coulomb en-
ergy EJ/E
crit
C for several ratio of the magneti uxes p/q =
0, 1
2
, 1
3
, 1
4
and
1
6
.
DOS ρ△ ρ0 ρ

1/2 ρ

1/3 ρ

1/4 ρ

1/6
A0 1.01087 1.28576 1.34085 1.65397 2.06193 3.78672
A1 1.92619 5.82281 4.83852 11.8065 19.1268 175.717
Table II: Fators of the expansion ritial values EJ/EC for
small dissipation parameter α0 (Eq. 28, 29).
A1 =
∫ +∞
−∞
dξ
ρ (ξ)
J0/EJ − ξ . (29)
The numerial values of the fators A0 and A1 are las-
sied in the Table (II). For small ratio EJ/EC there
is no hane to mobility both Cooper's pairs and sin-
gle eletrons. If we inrease the Josephson energy (or
derease Coulomb energy) we indue phase transitions
6between insulating and superonduting phase. We have
global oherene state but in whih there is no single
eletrons dynamis. The ritial values of the inverse
Coulomb energy EJ/E
crit
C for α0 = 0 are depited in
Fig.2b) for several values of the magneti eld and are
simply equal the rst oeient of the expansion Eq.
(27): EJ/E
crit
C
∣∣
α0=0
= A20. We note the non-monotoni
dependene of the Coulomb energy on the magneti ux
ratio p/q.
B. Critial value α0
At zero temperature dissipation suppresses quantum
utuations entirely and drives system to a global o-
herent state. Due to the fat, that orrelation funtion
Eq. (18) for low temperatures: W−1 (ωn) ∼ |ωn|
2
α0
−1
be-
omes divergent for α0 ≥ 2 [see Appendix A℄, the ritial
lines are ut at this point what is depited on phase dia-
grams in Fig.2a and Fig.3. This boundary value α0 does
not depend on magneti eld and on the geometry of the
network. It seems to be universal for dierent types of
latties without and in presene of the external magneti
eld. The system behaves as if it were lassial beause
of the big ontribution to the ation Eq. (2) whih is
generated by large values of the dissipation parameter
α0. Dissipation an orrelate the phase on a single is-
land in dierent time and this orrelation has the biggest
impat on global oherent state when α0 is greater then
ritial value. Similar behaviour of the phase diagrams
with ritial value of the dissipation parameter was pre-
dited by several authors.
18,21,48
Theory developed by
Chakravaraty et al.
18
reveals, that phase transition takes
plae at point αcrit = 1/d where d is the dimension of
the system. The insulating phase disappears for α0 > 2
in model onsidered by Wagenblast et al.
48
, the authors
laim that dissipative proesses ompletely suppress the
phase utuations. Kampf and Shön
29
using variational
proedure showed that dierent mehanisms: Ohmi and
quasi-partile damping lead to dierent ritial values of
α0. In magneti eld the dependene of ritial temper-
ature on several ratio of the magneti uxes is periodi
with period 1 and symmetri around p/q = 1/2.31 Note
that phase diagrams for dierent lattie geometry and
in presene of a magneti eld with eets of the loal
dissipation has not been presented.
IV. SUMMARY
We have studied the ground phase diagram two-
dimensional Josephson juntion arrays in quantum
regime by analytial methods using the quantum-
spherial approah with exatly evaluated density of
states for square and triangular lattie. For square lat-
tie we ould take into onsideration perpendiular mag-
neti eld whih was desribed by rational magneti ux
f = p/q for a number of values 1/q. Zero temperatures
Figure 3: Zero temperature phase diagram for the normalized
Josephson energy EJ/EC vs parameter of dissipation α0 for
square and triangular lattie. Insulating state is below the
urves.
phase diagram indiates that for small values α0 quan-
tum utuations destroy the long-range phase oherene.
The arrays an be in two phases: Mott-insulator phase
and global oherent state. We an travel between phases
vary Coulomb energy or dissipation parameter. When α0
is greater than ritial value, the dissipation suppresses
quantum utuations and the array orders even for small
ratio EJ/EC . Why dissipation an restore global oher-
ent state? If we imagine that we allow eletrons tunnel
between superonduting arrays and metalli substrate,
remaining Cooper's pairs will beome more mobile too.
Therefore we will not be equal to set a number pair on
the island. Beause superonduting phase φ and the
number of Cooper's pair nˆ follow unertainty relation
[φ, nˆ] = 2i then if we annot say anything about quan-
tity of Cooper's pair on the island the phase is determined
and in onsequene we obtain global oherent state. In
ase when system is in presene of the magneti eld
damping is stronger than in the absene. If we vary ux
parameter f = p/q we ould drive array into insulating
state. Magneti eld ould aet the dissipation beause
it inuenes the resistane of at least the oherent parts
and thus hanges the eetive shunting. For small values
dissipation parameter α0 Josephson energy in triangular
lattie is damped less then for square lattie even in pres-
ene magneti eld. We an notie that if the quantum
utuations of the phase superonduting order param-
eter are important, the dissipation plays deisive role in
onstitute the onset of global superondutivity.
7Appendix A: LOW TEMPERATURE
PROPERTIES OF THE CORELLATOR
We write orrelation funtion Eq. (18) in form:
W (τ) = exp

− 1β
∑
n6=0
1− cos (ωnτ)
1
8EC
ω2n +
α0
2pi |ωn|

 (A1)
and observe that the sum over ωn is symmetri when we
hange ωn → −ωn. In that ase (getting rid of abs) we
an write
W (τ) = exp

− 2β
∑
n≥1
1− cos (ωnτ)
1
8EC
ω2n +
α0
2piωn

 (A2)
notiing then sums over n ≥ 1 and n ≤ 1 are the same.
Now we are splitting above expression for two parts and
negleting the ω2n in seond ontribution (in low temper-
atures more important is part whih ontains ωn) we get:
W (τ) = exp

− 2
β
∑
n≥1
1
1
8EC
ω2n +
α0
2piωn

 exp

 2
β
∑
n≥1
cos (ωnτ)
α0
2piωn

 . (A3)
Evaluating the sums we an write:
W (τ) = exp
[
− 1
α0
H
(
8βEC
α0
)]
exp
{
2
α0
log
[
2 sin
(
pi
β
|τ |
)]}
, (A4)
and using asymptoti relation (valid for β →∞) of the harmoni number funtion H (n) =∑ni=1 i−1:
H (aβ) = ln aβ + γ +
1
2
aβ − 1
12
(
1
aβ
)2
+
1
120
(
1
aβ
)4
+ ...O
(
1
β6
)
, (A5)
where γ is Euler's onstant, nally we have found
W−1 (τ) = exp
(
γ
α0
)(
2
pi
β
|τ |
)− 2
α0
. (A6)
After Fourier transform orrelator beomes:
W−1 (ωn) = exp
(
γ
α0
)
Γ
(
1− 2
α0
)
sin
(
pi
α0
)
|ωn|
2
α0
−1
, (A7)
besides the Euler gamma funtion Γ (z) is dened by the
integral:
44
Γ (z) =
∫ ∞
0
tz−1e−tdt for ℜz > 0. (A8)
and an be viewed as a generalization of the fatorial
funtion, valid for omplex arguments. Finally we an
see that orrelator
W−1 (ωn) ∼ |ωn|
2
α0
−1
(A9)
at zero temperature diverges for α0 ≥ 2.
Appendix B: DENSITY OF STATES
In the ase of zero magneti eld the density of states
for the square two-dimensional lattie reads simply
ρ0 (ξ) =
1
pi2
K


√
1−
(
ξ
2
)2Θ(1− ∣∣∣∣ξ2
∣∣∣∣
)
, (B1)
where
K (x) =
∫ pi/2
0
dφ√
1− x2 sin2 φ
, (B2)
is the ellipti integral of the rst kind
44
and the unit step
funtion is dened by:
Θ(x) =
{
1 for x > 0
0 for x ≤ 0 . (B3)
The proedure obtaining losed formulas for density of
states in presene of the magneti eld based on analyt-
ially solving Harper's equation. The Harper's equation
8was studied intensively
52,53,54
but only on numerial way
and was missed analyti losed formulas for density of
states in presene of the magneti eld. Only expression
for ase p/q = 1/2 was reeived by Tan and Thouless and
also was formulated in terms of the ellipti integrals.
55
Therefore the density of states for square lattie with the
magneti quantum ux per plaquette for value p/q = 12
reads:
9
ρ1/2 (ξ) =
|ξ|
2
ρ0
(
ξ2 − 4
2
)
. (B4)
It is only one gap-less ase instead of p/q = 0.
Obtaining losed formulas for the next ase p/q = 1/3 was more diult, and we have got following expression
ρ1/3 (ξ) =
1
4
√
2
∣∣ξ2 − 2∣∣√ξ2 − 8ρ0
[
1
2
ξ
(
ξ2 − 6)]
×
{∣∣∣sec(α+ pi
2
)∣∣∣ [Θ(ξ + 1 +√3)−Θ (6− ξ2)−Θ(ξ − 1−√3)]
+sec
(
α+
pi
6
) [
Θ
(
ξ +
√
6
)
−Θ(ξ + 2) + Θ (ξ)−Θ
(
ξ + 1−
√
3
)]
+sec
(
α+−pi
6
) [
Θ
(
ξ − 1 +
√
3
)
−Θ(ξ) + Θ (ξ − 2)Θ
(
ξ −
√
6
)]}
, (B5)
where
α =
1
3
arctan


√
32− ξ2 (ξ2 − 6)2
ξ (ξ2 − 6)

 . (B6)
For p/q = 1/4 the expression for density of states is straightly given by:
ρ1/4 (ξ) =
1
2
∣∣ξ2 − 4∣∣ ρ0
[
1
2
(
ξ4 − 8ξ2 + 4)]{√4 + |ξ2 − 4| [Θ (8− ξ2)−Θ(4 + 2√2− ξ2)]
+
√
4− |ξ2 − 4|Θ
(
4− 2
√
2− ξ2
)}
. (B7)
Finally the most ompliated ase p/q = 1/6 with six symmetri singularities divide symmetrially on the positive
and negative part of the axis ξ:
ρ1/6 (ξ) =
1
4 4
√
2
∣∣ξ4 − 8ξ2 + 8∣∣√ξ4 − 8ξ2 − 16ρ0
[
1
2
(
ξ2 − 6)]
×
{∣∣∣sec(α+ pi
2
)∣∣∣ [Θ(ξ + 1 +√3)−Θ (6− ξ2)−Θ(ξ − 1−√3)]
+sec
(
α+
pi
6
) [
Θ
(
ξ +
√
6
)
−Θ(ξ + 2) + Θ (ξ)−Θ
(
ξ + 1−
√
3
)]
+sec
(
α+−pi
6
) [
Θ
(
ξ − 1 +
√
3
)
−Θ(ξ) + Θ (ξ − 2)Θ
(
ξ −
√
6
)]}
, (B8)
where
α =
1
3
arctan


∣∣∣(ξ4 − 8ξ2 + 8)√16 + 8ξ2 − ξ4∣∣∣
ξ6 − 12ξ4 + 24ξ2 + 32

 . (B9)
The density of states for triangular lattie with six nearest neighbors we an write in form:
ρ△ (ξ) =
2
pi2
√
κ0
K
(√
κ1
κ0
)[
Θ
(
ξ +
3
2
)
−Θ(ξ − 3)
]
, (B10)
where
κ0 =
(
3 + 2
√
3 + 2ξ − ξ2
)[
Θ
(
ξ +
3
2
)
−Θ(ξ + 1)
]
+ 4
√
3 + 2ξ [Θ (ξ + 1)−Θ(ξ − 3)] , (B11)
9κ1 = 4
√
3 + 2ξ
[
Θ
(
ξ +
3
2
)
−Θ(ξ + 1)
]
+
(
3 + 2
√
3 + 2ξ − ξ2
)
[Θ (ξ + 1)−Θ(ξ − 3)] . (B12)
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